Abstract. A posteriori error estimators for the symmetric mixed finite element methods for linear elasticity problems of Dirichlet and mixed boundary conditions are proposed. Stability and efficiency of the estimators are proved. Finally, we provide numerical examples to verify the theoretical results.
Introduction
In this paper, we are concerned with the development of residual-based a posteriori error estimators for the symmetric mixed finite element methods for planar linear elasticity problems. Let Ω ⊂ R 2 be a bounded polygonal domain with boundary Γ := ∂Ω, based on the Hellinger-Reissner principle, the linear elasticity problem with homogeneous Dirichlet boundary condition within a stress-displacement form reads: Find (σ, u) ∈ Σ × V := H(div, Ω; S) × L 2 (Ω; R 2 ), such that (1.1) (Aσ, τ ) + (divτ, u) = 0 for all τ ∈ Σ,
where S ⊂ R 2×2 is the space of symmetric matrices, and the symmetric tensor space for stress and the space for vector displacement are, respectively,
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homogeneous isotropic case, the compliance tensor is given by Aτ = (τ − λ/(2µ + 2λ)trτ I)/(2µ), where µ > 0, λ ≥ 0 are the Lamé constants, I is the identity matrix, trτ = τ 11 + τ 22 is the trace of the matrix τ . For simplicity, we assume A is a constant matrix in this paper and comment on the generalization to the piecewise constant matrix case.
Because of the symmetry constraint on the stress tensor, it is extremely difficult to construct stable conforming finite elements of (1.1) even for 2D problems, as stated in the plenary presentation to the 2002 International Congress of Mathematicians by Arnold [3] . An important progress in this direction is the work of Arnold and Winther [6] and Arnold, Awanou, and Winther [5] . In particular, a sufficient condition of the discrete stable method is proposed in these two papers, which states that a discrete exact sequence guarantees the stability of the mixed method. Based on such a condition, conforming mixed finite elements on the simplical and rectangular meshes are developed for both 2D and 3D [1, 4, 7, 18, 25] . Recently, based on a crucial structure of symmetric matrix valued piecewise polynomial H(div) space and two basic algebraic results, Hu and Zhang developed a new framework to design and analyze the mixed finite element of elasticity problems. As a result, on both simplicial and tensor product grids, several families of both symmetric and optimal mixed elements with polynomial shape functions in any space dimension are constructed, see more details in [23, 24, 26, 27, 28] . Theoretical and numerical analysis show that symmetric mixed finite element method is a popular choice for a robust stress approximation [12, 14] .
Computation with adaptive grid refinement has proved to be a useful and efficient tool in scientific computing over the last several decades. When the domain contains a re-entering corner, the stress has a singularity at that corner, non-uniform mesh is necessary to catch the singularity. Adaptive finite element methods based on local mesh refinement can recovery the optimal rate of convergence. The key behind this technique is to design a good a posteriori error estimator that provides a guidance on how and where grids should be refined. The residual-based a posteriori error estimators provide indicators for refining and coarsening the mesh and allow to control whether the error is below a given threshold. Various error estimators for mixed finite element discretizations of the Poisson equation have been obtained in [2, 10, 16, 19, 22, 30, 32] . Extension to the mixed finite element for linear elasticity is, however, very limited. In [11, 29, 31] , the authors gave the a posteriori error estimators for the nonsymmetric mixed finite elements only.
The symmetry of the stress tensor brings essential difficulty to the a posteriori error analysis. Since only the symmetric part is approximated and not the full gradient, the approach of a posteriori error analysis developed in [11, 15, 29, 31 ] cannot be applied directly. In order to overcome this difficulty, Carstensen and Gedicke propose to generalize the framework of the a posteriori analysis for nonsymmetric mixed finite elements to the case of symmetric elements by decomposing the stress into the gradient and the asymmetric part of the gradient. A robust residual-based a posteriori error estimator for Arnold-Winther's symmetric element was proposed in [13] , but an arbitrary asymmetric approximation γ h of the asymmetric part of the gradient skew(Du) = (Du − D T u)/2 was involved in this estimator. Furthermore γ h was chosen as the asymmetric gradient of a post-processed displacement to ensure the efficiency of the estimator. More details can be found below.
The goal of this paper is to present an a posteriori error estimator together with a theoretical upper and lower bounds, for the conforming and symmetric mixed finite element solutions developed in [6, 26] . We shall follow the guide principle in [6] : use the continuous and discrete linear elasticity complex, c.f. (2.2) and (2.3).
Given an approximation σ h on the triangulation T h consisting of triangles, we construct the following a posteriori error estimator, denoted by η, 
with E h being the collection of all edges of T h . We write
, where E h (Ω) is the collection of interior edges and E h (Γ) is the collection of all element edges on the boundary. For any edge e ∈ E h , let t e = (−n 2 , n 1 )
T be the unit tangential vector along edge e for the unit outward normal ν e = (n 1 , n 2 )
T . Let h K be the diameter of the element K and h e be the length of edge e. The data oscillation is defined as
where Q h is the L 2 orthogonal projection operator onto the discrete displacement space.
Using the Helmholtz decomposition induced from the linear elasticity complex [6, 11] , we establish the following reliability
In addition, we will prove the following efficiency estimate
by following the approach from [2] .
We also generalize the above results to the mixed boundary problems, for which the error estimator is modified on the Dirichlet boundary edges. Reliability and efficiency of the modified error estimator can be proved similarly.
In [17] , a superconvergent approximate displacement u * h was constructed by a postprocessing of (σ h , u h ) . Using this result and the a posteriori error estimation of the stress, we also give the a posteriori error estimation for the displacement u − u * h 1,h in a mesh dependent norm.
In order to compare with the a posteriori error estimator in [13] , we present their estimator as follows:
(The estimator is rewritten in our notation and the details of the standard notation can be found below.) To ensure the efficiency of the estimator, a sufficiently accurate polynomial asymmetric approximation γ h of the asymmetric gradient skew(Du) := (Du − D T u)/2 is involved in the above estimator. Since the global approximation or even minimization may be too costly, Carstensen and Gedicke compute the sufficiently accurate approximation γ h = skew(Du * h ) by the post-processed displacement u * h in the spirit of Stenberg [35] . As we can see, this estimator is totally different to ours. The estimators we propose use the symmetric stress directly and do not need any estimation of the asymmetric part. Therefore it is more computationally efficient.
The remaining parts of the paper is organized as follows. Section 2 presents the notations and the discrete finite element problems. Section 3 proposes an a posteriori error estimator for the stress and proves the reliability and efficiency of the estimator. Section 4 generalizes the results of section 3 to mixed boundary problems. Section 5 gives a posteriori error estimation for the displacement. Section 6 presents numerical experiments to show the effectiveness of the estimator. Throughout this paper, we use " · · · " to mean that "≤ C · · · ", where C is a generic positive constant independent of h and the Lamé constant λ, which may take different values at different appearances.
Notations and preliminaries
Standard notations on Sobolev spaces and norms are adopted throughout this paper and, for brevity,
Namely the differential operators curl and div are applied rowwise for tensors. Let T h be a shape-regular triangulation ofΩ into triangles with the set of edges E h . Denote by E h (Ω) the collection of all interior element edges in T h and E h (Γ) the collection of all element edges on the boundary. For any triangle K ∈ T h , let E(K) be the set of its edges. For any edge e ∈ E(K), let t e = (−n 2 , n 1 )
T be the unit tangential vector along edge e for the unit outward normal vector ν e = (n 1 , n 2 )
T , h K be the diameter of the element K and h e be the length of the edge e, h = max
Let Σ h × V h ⊆ Σ × V be a symmetric conforming mixed element defined on the mesh T h , then the discrete mixed formulation for the problem (1.1) is: find
In the sequel, we briefly introduce Hu-Zhang element [23, 26, 28] . For each K ∈ T h , let P k (K) be the space of polynomials of total degree at most k on K and
define an H(div, K; S) bubble function as
The Hu-Zhang element space is given by
with integer k ≥ 3, where
For the above elements, the following a priori error estimate holds.
Theorem 2.1 (A priori error estimate [23, 26, 28] ). The exact solution (σ, u) of problem (1.1) and the approximate solution (σ h , u h ) of problem (2.1) satisfy
In the continuous case, the following exact sequence
holds for linear elasticity [6] . In the discrete case, the exact sequence holds similarly (2.3)
As stated in [6] , the space Φ h for the Arnold-Winther element is precisely the space of C 1 piecewise polynomials which are C 2 at the vertices, that is, the wellknown high-order Hermite or Argyris finite element. The Hu-Zhang element is an enrichment of the Arnold-Winther element, adding all the piecewise polynomial matrices of degree k which are not divergence-free on each element and belong to H(div, Ω; S) globally. So the space Φ h for the Hu-Zhang element is the same as the one for the Arnold-Winther element.
Lemma 2.1 (Helmholtz-type decomposition [6, 11] 
and the decomposition is orthogonal in the weighted
A , where P 1 (Ω) is the linear polynomial space on Ω, the norm · A = (A ·, ·).
by the boundedness and coerciveness of the operator A, we obtain the following relationship of the norms: for any τ ∈ Σ, there exist positive constants C 1 and C 2 , which are independent of the Lamé constant λ, such that
It is the goal of this paper to present a posterior error estimate of σ − σ h for the Hu-Zhang element method. It is worth mentioning that the a posterior error estimator designed in this paper can be easily extended to the Arnold-Winther element [6] .
A posteriori Error Estimation for Stress
In this section, we shall prove the reliability and efficiency of the error estimator. The main observation is that: although it is a saddle point problem, the error of stress σ − σ h is orthogonal to the divergence-free subspace, while the part of the error that is not divergence-free can be bounded by the data oscillation using the stability of the discretization.
For any τ h ∈ Σ h , the error estimator is defined as
where
The data oscillation is defined as
where Q h is the L 2 orthogonal projection operator onto the discrete displacement space V h . 3.1. Stability result. For the easy of exposition, we write the mixed formulation for linear elasticity as L(σ, u) = f . The natural stability of the operator is σ H(div) + u f . However, a stronger stability can be proved for a special perturbation of the data.
Proof. Use the first equation of (1.1) and let v = u −ũ
where the Korn's inequality is used and the symmetric gradient
We acquire the desirable stability result.
The oscillation osc(f, T h ) is an upper bound of f − f h −1 and is of high order comparing with the error estimator.
3.2. Orthogonality. For any φ ∈ H 2 (Ω), Curl Curl φ ∈ H(div, Ω; S), we can use the exact sequence property div Curl Curl = 0 to get
for any φ h ∈ Φ h . Therefore we have a partial orthogonality
h denote the Argyris finite element space, which consists of C 1 piecewise polynomials of degree less than or equal to 5 Following [34, 20] , we can define a quasi-interpolation operator I h :
h , which preserves the values of the function on all vertices of T h . On each element K ∈ T h , for any v ∈ H 2 (Ω), I h v| K ∈ P 5 (K) and it satisfies
where a i,K , 1 ≤ i ≤ 3, are the vertices of K, a 3+i,K , 1 ≤ i ≤ 3, are the edge midpoints of K, ν is the edge outer normal of the element K on the edge midpoint,
is the projection operator from L 2 (Ω) onto the piecewise linear polynomial finite element space on T h . It is obvious that the interpolation operator I h is uniquely determined by the above degrees of freedom. Furthermore, I h is a projection, i.e.
and it preserves the value of the function on vertices for any v ∈ H 2 (Ω), i.e.
A similar scaling argument as in [34, 20] gives the following interpolation estimates
Applying the Helmholtz decomposition to the errorσ − σ h , we have
where v ∈ H 1 0 (Ω; R 2 ) and φ ∈ H 2 (Ω)/P 1 (Ω). By this orthogonal decomposition and the fact div(σ − σ h ) = 0,
Since Curl Curl (I h φ) ∈ Σ h , by the orthogonality (3.4) and the equation (3.3),
An integration by parts gives
The second term of the right hand side can be rewritten as
Since the compliance tensor A is symmetric and continuous, (Aσ h t) · ν = (Aσ h ν) · t and (Aσ h t) · ν is continuous across the interior element edge. This implies
where the fact (φ − I h φ) vanishing at the boundary vertices (3.6) is used. So
Substituting it into (3.11), we get
Then applying the Cauchy-Schwarz inequality, the error estimate of the quasiinterpolation (3.7), (3.8), we have 
Curl Curl φ 0 .
By [11] , the φ defined in (3.9) satisfies that div(Curl Curl φ) = 0 and
Using Proposition 9.1.1 in [8], we get
where the constant C is independent of the Lamé constant λ. Combining this with (3.10), (3.12), we obtain
Together with the triangle inequality and perturbation result (3.2), we get the desired error bound
In summary, we obtain the following upper bound estimation. Theorem 3.1 (Reliability of the error estimator). Let (σ, u) be the solution of the mixed formulation (1.1) and (σ h , u h ) be the solution of the mixed finite element method (2.1). If the compliance tensor A is continuous, there exists positive constant C 1 depending only on the shape-regularity of the triangulation and the polynomial degree k such that
Remark 3.1. When A is discontinuous, we can modify η(σ h , T h ) as follows:
Compared to the case of continuous coefficient A, this estimator includes an additional term, the jump of ∂ te ((Aσ h )t e · ν e ) on all interior edges, owing to the discontinuity of the matrix A. Similarly, we can prove the reliability of the estimator
Remark 3.2. By Proposition 9.1.1 in [8] , it holds
whereΣ := {τ ∈ Σ : (trτ, 1) = 0} with tr being the trace operator of matrix. Then we also have from (3.13) and the fact that
That is we can control the L 2 norm of the stress with constant independent of the Lamé constant λ.
Lower bound.
We shall follow Alonso [2] to prove the efficiency of the error estimator defined in (3.1). Similar to [2] , we need the following lemma.
, r e ∈ L 2 (e), e ∈ ∂K, there exists a unique ψ K ∈ P k+4 (K) satisfying that (3.14)
for any s ∈ P k−1 (e), ∂ ν ψ K , s e = r e , s e for any s ∈ P k (e),
where P k (e) denotes the spaces of polynomial of degree less than or equal to k on edge e. Moreover it holds that
0,e + h Proof. Similar as in [33] , such a function ψ K is determined uniquely by the above degrees of freedoms. A standard homogeneity argument gives (3.15).
Theorem 3.2 (Efficiency of the error estimator)
. Let (σ, u) be the solution of the mixed formulation (1.1) and (σ h , u h ) be the solution of the mixed finite element method (2.1). If the compliance tensor A is continuous, there exists positive constant C 2 depending only on the shape-regularity of the triangulations and the polynomial degree k such that
Proof. The estimator η 2 (σ h , T h ) can be rewritten as
e J e,2 e On each element K ∈ T h , we apply Lemma 3.2 for 2 , r e = h e J e,1 for each edge e ∈ ∂K. Let ψ| K = ψ K , such a defined ψ is in the high-order Argyris finite element space of degree k + 4, hence ψ ∈ H 2 (Ω). Using (3.15), it follows that (3.17) This, in conjunction with (3.14), yields
Since (Aσ h )t e · ν e is continuous across the element edge e, [Aσ h t e · ν e ] e = 0 on interior edges. Noting that ψ ∈ H 2 (Ω) and vanishes at the mesh vertices,
Hence the last two terms of (3.18) become
Substituting (3.20) into (3.18) leads to
Integrating the first term by parts twice,
where Curl Curl ψ ∈ Σ and the inverse inequality are used. By (3.17),
Combining the above two inequalities, we have that
Remark 3.3. For discontinuous A and the modified error estimator in Remark 3.1, efficiency can be also proved using a similar argument.
A posteriori error estimation for mixed boundary problems
The a posteriori error estimation for the linear elasticity problems with the homogeneous Dirichlet boundary condition can be generalized to problems with mixed boundary conditions. In this section, we will discuss the following linear elasticity problems with mixed boundary conditions. Let Ω ⊂ R 2 be a bounded polygonal domain with boundary Γ :
where D denotes the space of test functions.
We modify the a posterior error estimator defined in Section 3 as the following: 
are the collection of element edges for Dirichlet boundary and Neumann boundary respectively. Similar to Section 3, we can prove the reliability and efficiency of this a posteriori error estimator.
Theorem 4.1 (Reliability and efficiency of the error estimator). Let (σ, u) be the solution of the mixed formulation (4.1) and (σ h , u h ) be the solution of the mixed finite element method (4.2). If the compliance tensor A is continuous, there exist positive constant C 3 and C 4 depending only on the shape-regularity of the triangulation and the polynomial degree k such that
where the data oscillations for the Dirichlet boundary u D and the Neumann boundary condition g are defined as
A Posteriori Error Estimation for Displacement
In this section, we shall discuss the a posteriori error estimate for a superconvergent postprocessed displacement recently constructed in [17] . The key points of the theoretical analysis involve the discrete inf-sup condition and the norm equivalence on H 1 (T h ; R 2 ) developed in [17] , and the a posteriori error estimates (3.13) and (3.16). Here the broken space
We first recall the superconvergent postprocessed displacement from (σ h , u h ) developed in [17] . To this end, let
Then a postprocessed displacement is defined as follows [17, 32, 9] :
We recall the following two useful results [17] : the discrete inf-sup condition
and norm equivalence
Theorem 5.1. Let (σ, u) be the solution of the mixed formulation (1.1), (σ h , u h ) be the solution of the mixed finite element method (2.1), and u * h be the postprocessed displacement defined by (5.1)-(5.2). Then we have
Using the discrete inf-sup condition (5.3) with v h = Q h (u − u * h ), (5.1), the first equations of (1.1) and (2.1), we get
Then it follows from the last two inequalities that |u − u Therefore we can end the proof by using (3.16).
Numerical experiments
We will testify the a posteriori error estimator by some numerical examples in this section.
In the first example, let Ω = (0, 1) 2 , k = 3, µ = 1, the right-hand side f (x, y) = π 
We subdivide Ω by a uniform triangular mesh. The a priori and a posteriori error estimates for λ = 10 and λ = 10000 are listed in Tables 6.1-6 .2, from which we can see that the convergence rates of
. Hence the a posteriori error estimators η(σ h , T h ) and η(σ h , T h ) + Aσ h − ε h (u * h ) 0 are both uniformly reliable and efficient with respect to the mesh size h and λ for smooth solutions. Table 6 .2. Numerical errors for the first example when λ = 10000 Next we use the a posteriori error estimator η(σ h , T h ) to design an adaptive mixed finite element method, i.e. Algorithm 1. The approximate block factorization preconditioner with GMRES [17] is adopted in the SOLVE part of Algorithm 1, which is verified to be highly efficient and robust even on adaptive meshes by our numerical examples. log 10 2(< h ; T h ) (k = 3) log 10 2(< h ; T h ) (k = 4) log 10 2(< h ; T h ) (k = 5) Figure 6 .6. Errors η(σ h , T h ) vs #dofs in log 10 -log 10 scale for Example 3 with ϑ = 0.1.
